Basis invariant conditions for supersymmetry in the two-Higgs-doublet
  model by Ferreira, P. M. et al.
ar
X
iv
:1
00
4.
32
92
v2
  [
he
p-
ph
]  
14
 Ju
n 2
01
0
SCIPP-10/01
Basis invariant conditions for supersymmetry in the two-Higgs-doublet model
P. M. Ferreira,1, 2 Howard E. Haber,3 and Joa˜o P. Silva1, 4
1Instituto Superior de Engenharia de Lisboa, Rua Conselheiro Emı´dio Navarro, 1900 Lisboa, Portugal
2Centro de F´ısica Teo´rica e Computacional, Faculdade de Cieˆncias,
Universidade de Lisboa, Av. Prof. Gama Pinto 2, 1649-003 Lisboa, Portugal
3Santa Cruz Institute for Particle Physics, University of California, Santa Cruz, California 95064, USA
4Centro de F´ısica Teo´rica de Part´ıculas, Instituto Superior Te´cnico, P-1049-001 Lisboa, Portugal
(Dated: November 23, 2018)
The minimal supersymmetric standard model involves a rather restrictive Higgs potential with
two Higgs fields. Recently, the full set of classes of symmetries allowed in the most general two
Higgs doublet model was identified; these classes do not include the supersymmetric limit as a
particular class. Thus, a physically meaningful definition of the supersymmetric limit must involve
the interaction of the Higgs sector with other sectors of the theory. Here we show how one can
construct basis invariant probes of supersymmetry involving both the Higgs sector and the gaugino-
higgsino-Higgs interactions.
PACS numbers: 11.30.Er, 12.60.Fr, 14.80.Cp, 11.30.Ly
I. INTRODUCTION
The Standard Model (SM) of electroweak interactions has provided an extraordinarily successful description of
currently observed particle physics phenomena. Nevertheless, there are strong reasons to expect that new physics
beyond the Standard Model must emerge, ranging from the hierarchy problem and the unification of all coupling
constants, to baryogenesis and dark matter. One of the leading candidates for physics beyond the SM incorporates
supersymmetry near the scale of electroweak symmetry breaking in order to provide a natural explanation for the
existence of the Higgs boson. Much attention has been devoted to the minimal supersymmetric extension of the
standard model (MSSM), which requires two complex Higgs doublets and superpartners for all Standard Model
particles [1].
In general, there is no fundamental reason why the SM should possess only one complex Higgs doublet. The most
well-studied extended Higgs sector is that of the two-Higgs-doublet model (THDM) [2]. The scalar potential of the
most general THDM involves 14 parameters. Of these parameters, only eleven combinations are physical, as three
degrees of freedom can be absorbed into a redefinition of the Higgs fields [3, 4]. This number may be further reduced
by imposing some symmetry requirements on the Higgs Lagrangian. But, identifying such symmetries is complicated
by the fact that one may perform a basis transformation of the Higgs fields. A symmetry that looks simple in one
basis may be completely obscured in another basis. Hence, it is important to develop basis-invariant signals of such
symmetries, which can identify the physically meaningful and experimentally accessible parameters in the theory. The
need to seek basis invariant observables in models with many Higgs bosons was pointed out by Lavoura and Silva
[5], and by Botella and Silva [6], stressing applications to CP violation. Refs. [6, 7] indicate how to construct basis
invariant quantities in a systematic fashion for any model, including multi-Higgs-doublet models. A number of recent
articles concerning symmetries and/or basis invariance in the THDM include Refs. [4, 8–19].
It is remarkable that there are exactly six classes of symmetries that one may impose on the scalar sector of the
most general THDM. This was shown by Ivanov [15] and expanded upon by us in Ref. [19]. Since the Higgs sector
of the MSSM is a particular case of the THDM, one would expect that the constraints satisfied by the Higgs sector
of the MSSM would correspond to one of the six classes of symmetries identified in the scalar sector of the THDM.
This is not the case. The correct conclusion is that a physically meaningful definition of the supersymmetric limit
must involve the interaction of the Higgs sector with other sectors of the supersymmetric theory. In this article we
construct basis-invariant probes of supersymmetry involving both the Higgs sector and the gaugino-higgsino-Higgs
interactions.
This article is organized as follows. In section II we introduce our notation. In section III, we construct the basis
invariant quantities that identify the supersymmetric limit of the scalar sector of the THDM. We draw our conclusions
in section IV.
2II. THE SCALAR SECTOR OF THE THDM
A. The scalar potential
Let us consider a SU(2) ⊗ U(1) gauge theory with two hypercharge-one Higgs-doublets, denoted by Φa, where
a = 1, 2. The scalar potential may be written as
VH = m
2
11Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 −
[
m212Φ
†
1Φ2 + h.c.
]
+ 12λ1(Φ
†
1Φ1)
2 + 12λ2(Φ
†
2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
[
1
2λ5(Φ
†
1Φ2)
2 + λ6(Φ
†
1Φ1)(Φ
†
1Φ2) + λ7(Φ
†
2Φ2)(Φ
†
1Φ2) + h.c.
]
, (1)
where m211, m
2
22, and λ1, λ2, λ3, λ4 are real parameters, and m
2
12, λ5, λ6 and λ7 are potentially complex.
An alternative notation, useful for the construction of invariants and championed by Botella and Silva [6] is
VH = Yab(Φ
†
aΦb) +
1
2Zab,cd(Φ
†
aΦb)(Φ
†
cΦd), (2)
where Hermiticity implies
Yab = Y
∗
ba,
Zab,cd ≡ Zcd,ab = Z∗ba,dc. (3)
One should be very careful when comparing Eqs. (1) and (2) among different authors, since the same symbol may
be used for quantities that differ by signs, factors of two, or complex conjugation. Here we follow the definitions of
Davidson and Haber [4]. With these definitions:
Y11 = m
2
11, Y12 = −m212,
Y21 = −(m212)∗ Y22 = m222, (4)
and
Z11,11 = λ1, Z22,22 = λ2,
Z11,22 = Z22,11 = λ3, Z12,21 = Z21,12 = λ4,
Z12,12 = λ5, Z21,21 = λ
∗
5,
Z11,12 = Z12,11 = λ6, Z11,21 = Z21,11 = λ
∗
6,
Z22,12 = Z12,22 = λ7, Z22,21 = Z21,22 = λ
∗
7. (5)
B. Basis transformations
The scalar potential can be rewritten in terms of new fields Φ′a, obtained from the original ones by a simple (global)
basis transformation
Φa → Φ′a = UabΦb, (6)
where U ∈ U(2) is a 2 × 2 unitary matrix. Under this unitary basis transformation, the gauge-kinetic terms are
unchanged, but the coefficients Yab and Zab,cd are transformed as
Yab → Y ′ab = Uaα Yαβ U∗bβ, (7)
Zab,cd → Z ′ab,cd = Uaα Ucγ Zαβ,γδ U∗bβ U∗dδ. (8)
Thus, the basis transformations U may be utilized in order to absorb some of the degrees of freedom of Y and/or Z,
which implies that not all parameters of Eq. (2) have physical significance.
3C. The six classes of symmetries in the THDM
Symmetries leaving the scalar Lagrangian unchanged may be of two types. On the one hand, one may relate Φa
with some unitary transformation of Φb:
Φa → ΦSa = SabΦb, (9)
where S is a unitary matrix. These are known as Higgs Family symmetries, or HF symmetries. As a result of this
symmetry,
Yab = Saα Yαβ S
∗
bβ , (10)
Zab,cd = Saα Scγ Zαβ,γδ S
∗
bβ S
∗
dδ. (11)
On the other hand, one may relate Φa with some unitary transformation of Φ
∗
b :
Φa → ΦGCPa = XaαΦ∗α, (12)
where X is an arbitrary unitary matrix.1 These are known as generalized CP symmetries, or GCP symmetries [20, 21].
The potential is invariant under this symmetry if and only if
Y ∗ab = X
∗
αaYαβXβb
Z∗ab,cd = X
∗
αaX
∗
γcZαβ,γδXβbXδd. (13)
Under the basis transformation of Eq. (6), the specific forms of the HF and GCP symmetries are altered, respectively,
as follows:
S′ = USU †, (14)
X ′ = UXU⊤. (15)
Hence, a basis-invariant treatment is critical for distinguishing between two potentially different symmetries.
Of course, one may combine several HF symmetries and/or GCP symmetries. Ivanov [15] has proved that, whatever
combination one chooses, one will end up in one of six distinct classes of symmetries. In a recent article we have
clarified this issue showing how to construct such classes with simple examples [19]. The result is shown in Table I.
TABLE I: Impact of the symmetries on the coefficients of the Higgs potential in a specified basis. See Ref. [19] for more details.
symmetry m211 m
2
22 m
2
12 λ1 λ2 λ3 λ4 λ5 λ6 λ7
Z2 0 0 0
U(1) 0 0 0 0
U(2) m211 0 λ1 λ1 − λ3 0 0 0
CP1 real real real real
CP2 m211 0 λ1 −λ6
CP3 m211 0 λ1 λ1 − λ3 − λ4 (real) 0 0
1 The space coordinates of the fields, which we have suppressed, are inverted by a generalized CP transformation.
4Five of the symmetry classes may be imposed by the following single requirements:
Z2 : S =
(
1 0
0 −1
)
, (16)
U(1) : S =
(
eiα 0
0 e−iα
)
α6=pi/2
, (17)
CP1 : X =
(
1 0
0 1
)
, (18)
CP2 : X =
(
0 1
−1 0
)
, (19)
CP3 : X =
(
cos θ sin θ
− sin θ cos θ
)
. (20)
Here 0 < α < π (but α 6= π/2, since the case of α = π/2 corresponds to the Z2 symmetry), and 0 < θ < π/2.
Invariance under the full U(2) global symmetry is obtained by requiring the invariance of the scalar potential under
Eq. (9), for all unitary matrices S.
III. BASIS INVARIANT PROBES OF THE MSSM
A. The Higgs sector of the MSSM
The Higgs potential of the MSSM (prior to including soft-supersymmetry-breaking dimension-two squared-mass
terms) is a particular case of Eq. (1), with
m211 = m
2
22, (21)
m212 = 0, (22)
λ1 = λ2 =
1
4 (g
2 + g′
2
), (23)
λ3 =
1
4 (g
2 − g′2), (24)
λ4 = − 12g2, (25)
λ5 = λ6 = λ7 = 0, (26)
where g and g′ are the SU(2)L and U(1)Y gauge coupling constants, respectively. In this case, Eqs. (4) and (5)
become
Y11 = Y22, Y12 = Y21 = 0, (27)
and
Z11,11 = λ1, Z22,22 = λ1,
Z11,22 = Z22,11 = λ3, Z12,21 = Z21,12 = −λ1 − λ3, (28)
with λ1 given by Eq. (23), λ3 given by Eq. (24), and all other components of the Z tensor equal to zero.
Comparing Eqs. (21)–(26) with Table I, we see that these requirements are almost the same as in the THDM
with the full U(2) flavor symmetry. The difference is that the U(2)-symmetric case implies λ4 = λ1 − λ3, while
the supersymmetry limit implies λ4 = −λ1 − λ3. As shown by Ivanov [15] and by us [19], the former relation can
come from a symmetry requirement that exclusively involves the Higgs potential, while the latter relation cannot. In
particular, there are no basis changes one can perform on the THDM to obtain, from one of the six symmetries listed
in table I, the SUSY condition λ4 = −λ1 − λ3.
This can also be seen by examining the renormalization group equations that control the evolution of the λi. Here,
we focus only on those terms arising from the Higgs potential and the gauge couplings.2 The relevant expressions can
2 In order to include fermions in the analysis, one would have to investigate the constraints of the THDM symmetries on the Higgs-fermion
Yukawa couplings.
5be found, for example, in Refs. [22–25]. Using λ1 = λ2 and λ5 = λ6 = λ7 = 0, we find
Dλ1 = 6λ21 + 2λ23 + λ24 + 2λ3λ4 − 12
(
9g2 + 3g′
2
)
λ1 +
1
8
(
9g4 + 6g2g′
2
+ 3g′
4
)
,
Dλ3 = 2λ23 + λ24 + 2λ1(3λ3 + λ4)− 12
(
9g2 + 3g′
2
)
λ3 +
1
8
(
9g4 − 6g2g′2 + 3g′4
)
,
Dλ4 = 2λ24 + 2λ1λ4 + 4λ3λ4 − 12
(
9g2 + 3g′
2
)
λ4 +
3
2g
2g′
2
, (29)
where D = 16π2µ(d/dµ), and Dλ5 = Dλ6 = Dλ7 = 0. Hence, given the constraints λ1 = λ2 and λ5 = λ6 = λ7 = 0,
D(λ4 + λ3 − λ1) = 12 (λ4 + λ3 − λ1)(12λ1 + 4λ4 − 9g2 − 3g′
2
) (30)
D(λ4 + λ3 + λ1) = 2
(
3λ21 + (3λ3 + 2λ4)λ1 + 2λ
2
3 + 2λ
2
4 + 3λ3λ4
)
− 12
(
9g2 + 3g′
2
)
(λ4 + λ3 + λ1) +
1
4
(
9g4 + 6g2g′
2
+ 3g′
4
)
. (31)
The first equation vanishes if λ4 = λ1 − λ3; the second does not vanish if λ4 = −λ1 − λ3. That is, the condition
λ4 = λ1 − λ3 is renormalization group invariant, whereas the condition λ4 = −λ1 − λ3 is not. Note that we have not
yet imposed the specific relations between the λi and the gauge couplings required by the MSSM. If we impose the
MSSM constraints specified by Eqs. (23)–(25) on the right hand side of Eq. (31), we obtain
D(λ4 + λ3 + λ1) = 3g4 + 2g2g′2 + g′4 , (32)
i.e., λ1 = −λ3 − λ4 is still not RGE invariant.
The latter result is not unexpected. After all, the gauge boson–Higgs boson sector considered by itself can never
be supersymmetric, as the corresponding superpartners are not included. Consequently, the SUSY limit of the gauge
boson–Higgs boson sector can only be defined in a manner invariant under Higgs basis changes if the corresponding
gaugino and higgsino superpartners are taken into account. The gaugino and higgsino interactions generate additional
terms on the right hand side of Eq. (29). In the supersymmetric limit, these effects yield [23]
δSUSY(Dλ1) = − 52g4 − g2g′ 2 − 12g′ 4 ,
δSUSY(Dλ3) = − 52g4 + g2g′ 2 − 12g′ 4 ,
δSUSY(Dλ4) = 2g4 − 2g2g′ 2 . (33)
Hence,
δSUSY{D(λ4 + λ3 + λ1)} = −(3g4 + 2g2g′2 + g′4) .
Indeed, when the latter is added to Eq. (32), we see that D(λ4 + λ3 + λ1) = 0 as expected. Thus, the SUSY
relation λ1 = −λ3 − λ4 = 14 (g2 + g′ 2) is renormalization group invariant when all the Higgs/higgsino/gauge/gaugino
interactions are included.
B. The gaugino-higgsino-Higgs interactions
In the MSSM, the tree-level Lagrangian describing the interactions of the gauginos with the Higgs-doublets may be
written as
LMSSMgaugino-Higgs = µǫijψiHDψjHU +
ig√
2
λαταij
(
ψjHUΦ
i †
2 + ǫ
ikψjHDΦ
k
1
)
+
ig′√
2
λ′
(
ψjHUΦ
i †
2 − ǫikψiHDΦk1
)
+ h.c. , (34)
where λα and λ′ are the two-component spinor gaugino fields that are superpartners to the SU(2) and U(1)-hypercharge
gauge bosons, and ψHD and ψHU are, respectively, the hypercharge −1 and hypercharge +1 weak doublet two-
component spinor higgsino fields. The indices i, j and k label the two components of the weak doublet, and the index
α is the adjoint index of the SU(2) gaugino field. We have included a supersymmetric Majorana mass term for the
two-component higgsino fields, which defines the parameter µ. As usual, ǫ12 = −ǫ21 = +1 and ǫ11 = ǫ22 = 0.
If we relax the constraints imposed by supersymmetry, the coupling strengths of the gaugino-higgsino-Higgs inter-
action above are no longer constrained to be gauge couplings as in Eq. (34). Moreover, four additional dimension-four
6interaction terms are possible, consistent with SU(2)×U(1) gauge invariance. These terms are the so-called “wrong-
Higgs” couplings of Ref. [26], and are obtained from those of Eq. (34) by interchanging Φ1 and Φ2. In our analysis
below, we consider the most general dimension-four gauge invariant couplings between the gaugino, higgsino and
Higgs fields. We shall write these couplings in a form that is manifestly independent of the choice of basis for the
Higgs fields:
Lgaugino-Higgs = i√
2
λαταij
(
ψjHU f
a
UΦ
i †
a + ǫ
ikψjHDf
a ∗
D Φ
k
a
)
+
i√
2
λ′
(
ψjHU f
′ a
U Φ
i †
a − ǫikψiHDf ′ a ∗D Φka
)
+ h.c. , (35)
where the couplings faU , f
a
D, f
′ a
U , and f
′ a
D transform covariantly under a Higgs basis U(2)-transformation,
3
faU,D → Uabf bU,D , f ′ aU,D → Uabf ′ bU,D . (36)
In the supersymmetric limit, there is a natural choice of basis for the Higgs fields, henceforth called the SUSY basis,
in which:
faU = gδ
a2 , fa∗D = gδ
a1 , f ′ aU = g
′δa2 , f ′ a ∗D = g
′δa1 . (37)
In particular, in the SUSY basis, the so-called “wrong-Higgs interactions” of Ref. [26] are absent in the supersymmetric
limit. However, under a general Higgs basis transformation, the supersymmetric gaugino-higgsino-Higgs Lagrangian
will transform into a linear combination of supersymmetric and wrong-Higgs interaction terms. Thus, in a generic
basis choice for the Higgs fields, the supersymmetry is not manifest. One of the goals of this section is to determine a
set of basis-independent conditions that guarantees the existence of a basis choice in which Eq. (37) is satisfied. Such
basis-independent conditions would constitute an invariant signal for manifestly supersymmetric Higgs interactions.
The couplings faU , f
a
D, f
′ a
U , and f
′ a
D are complex vectors that live in the two-dimensional Higgs flavor space. It is
convenient to define the corresponding unit vectors, fˆa ≡ fa/|f |, where |f | ≡ (fa ∗fa)1/2 is the length of the complex
vector fa. Next, we introduce vectors that are orthogonal to faU , f
a
D, f
′ a
U , and f
′ a
D , respectively,
gˆaU ≡ fˆ b ∗U ǫba , gˆaD ≡ fˆ b ∗D ǫba , (38)
gˆ′ aU ≡ fˆ ′ b ∗U ǫba , gˆ′ aD ≡ fˆ ′ b ∗D ǫba . (39)
These are pseudo-vectors with respect to U(2) Higgs basis transformations,4
gˆaU,D −→ (det U)−1Uab gˆbU,D , gˆ′ aU,D −→ (det U)−1Uab gˆ′ bU,D , (40)
due to the appearance of the complex phase, det U .
We now define U(2)-invariant, hypercharge-one Higgs fields as follows:
HU ≡ fˆa ∗U Φa , H ′U ≡ fˆ ′ a ∗U Φa , (41)
H˜D ≡ fˆa ∗D Φa , H˜ ′D ≡ fˆ ′ a ∗D Φa . (42)
One can also define a corresponding set of hypercharge −1 fields, e.g.,
HiD ≡ ǫijH˜j †D , H ′ iD ≡ ǫijH˜ ′ j †D . (43)
It is also convenient to define U(2) pseudo-invariant Higgs fields (denoted by calligraphic fonts),
HU ≡ gˆa ∗U Φa , H′U ≡ gˆ′ a ∗U Φa , (44)
H˜D ≡ gˆa ∗D Φa , H˜′D ≡ gˆ′ a ∗D Φa . (45)
3 Note that the global U(1) Higgs flavor transformation corresponding to Φa → eiχΦa (a = 1, 2) is distinguished from the global U(1)
hypercharge transformation, since the higgsino fields do not transform under the rephasing of the Higgs fields.
4 Starting from the transformation law fˆa → Uabfˆ
b, where U† = U−1, it follows that gˆc → U−1
ab
gdǫadǫbc. If we now recognize that
U−1
ab
ǫad = det(U−1)Ucdǫ
bc, the results of Eq. (40) easily follow.
7It then follows that:
Φa = fˆ
a
UHU + gˆ
a
UHU = fˆaDH˜D + gˆaDH˜D (46)
= fˆ ′ aU H
′
U + gˆ
′ a
U H′U = fˆ ′ aD H˜ ′D + gˆ′ aD H˜′D , (47)
after using fˆaU,Dfˆ
a ∗
U,D = gˆ
a
U,Dgˆ
a ∗
U,D = 1 and gˆ
a
U,Dfˆ
a ∗
U,D = fˆ
a
U,Dgˆ
a ∗
U,D = 0.
There is some motivation for this proliferation of Higgs field definitions. In particular, as we show later in Eqs. (55)–
(58), the choices of
{HU , HU} , {H′U , H ′U} , {H˜D , H˜D} , and {H˜ ′D , H˜′D} , (48)
correspond to four different basis choices for the hypercharge-one Higgs doublet fields.
One can express the gaugino-higgsino-Higgs interaction Lagrangian in a manifestly U(2)-invariant form. For exam-
ple, using the definitions of the invariant Higgs fields HU , HD, H
′
U and H
′
D [defined by Eqs. (41) and (43)], Eq. (35)
can be rewritten as:
Lgaugino-Higgs = i√
2
λαταij
(
|fU |ψjHUH
i †
U + |fD|ψjHDH
k†
D
)
+
i√
2
λ′
(
|f ′U |ψjHUH
′ i †
U − |f ′D|ψiHDH ′ i †D
)
+ h.c. (49)
However, this form is not particularly useful outside of the supersymmetric limit, since {HU , H˜D} and {H ′U , H˜ ′D}
are not orthogonal pairs of hypercharge-one Higgs doublet fields in the general case. Of course, one can always rewrite
Eq. (35) in terms of one of the four basis choices of hyper-charge one doublet Higgs fields listed in Eq. (48) by inserting
the appropriate form for Φa given in Eqs. (46) and (47) into Eq. (35).
C. Basis-invariant probes of the supersymmetric Higgs interactions
Supersymmetry imposes strong constraints on the scalar Higgs potential and the gaugino-higgsino-Higgs interac-
tions. These constraints must involve basis-independent combinations of the scalar potential parameters Yab, Zabcd,
and the gaugino-higgsino-Higgs couplings faU , f
a
D, f
′ a
U , f
′ a
D . It is straightforward to find the necessary relations. First
we exhibit the basis invariant relations that enforce supersymmetric gaugino-higgsino-Higgs couplings:
faUf
a∗
D = 0, f
a
Uf
′a∗
D = 0,
f ′aU f
a∗
D = 0, f
′a
U f
′a∗
D = 0,
faUf
a∗
U = f
a
Df
a∗
D = g
2, f ′aU f
′a∗
U = f
′a
D f
′a∗
D = g
′ 2 ,
faUf
′ a∗
U = gg
′, fa∗D f
′a
D = gg
′ . (50)
To establish U(2)-invariant conditions that enforce a supersymmetric scalar Higgs potential, we first construct basis-
independent quantities that involve both the scalar potential parameters and the gaugino-higgsino-Higgs couplings.
For example,5
YDD = fˆaD fˆ b∗D Yab, YUU = fˆaU fˆ b∗U Yab,
YDU = fˆaD fˆ b∗U Yab, YUD = fˆaU fˆ b∗D Yab, (51)
provide basis-invariant quantities involving the quadratic coefficients of the Higgs potential. Likewise,
Zαβ,γδ = fˆaα fˆ b∗β fˆ cγ fˆ c∗δ Zab,cd , (52)
where the indices α, β, γ, and δ can take the values D or U , provide basis-invariant quartic coefficients for the Higgs
potential.
Evaluating the invariant quantities introduced in Eqs. (51) and (52) in the supersymmetric basis defined by Eqs. (27),
(28) and (37), it follows that
YDD = YUU , YDU = YUD = 0, (53)
5 Assuming Eq. (50) is satisfied, it is not necessary to construct additional invariants that involve f ′
U
and f ′
D
.
8and
ZDD,DD = ZUU,UU = 14 [fa ∗U faU + fa ∗D faD] ,
ZDD,UU = ZUU,DD = 14 [fa ∗U faU − f ′ a ∗U f ′ aU ] ,
ZDU,UD = ZUD,DU = −ZDD,DD −ZDD,UU ,
ZDU,DU = ZUD,UD = 0,
ZUD,DD = ZDU,DD = ZDD,UD = ZDD,DU = 0,
ZDU,UU = ZUD,UU = ZUU,DU = ZUU,UD = 0. (54)
Since these equations are basis invariant, they must hold in any theory made up of the MSSM fields with exact
supersymmetry, regardless of the exact basis choice made for the Higgs fields.
That is, independently of the choice of basis for the Higgs fields, the supersymmetric limit of the
Higgs/higgsino/gauge/gaugino sectors holds if and only if Eqs. (50), (53) and (54) hold. If Eqs. (50) and (54)
hold but Eq. (53) does not, then supersymmetry is softly broken due to the quadratic terms of the Higgs potential.
The above results fully resolves the question of the basis-invariant form for the supersymmetric limit of the THDM.
D. A preferred basis in the MSSM
The gaugino-higgsino-Higgs interactions provide a means for defining a quasi-physical choice of basis. In this
context, a quasi-physical basis is one in which the Higgs fields are invariant, up to a possible rephasing of one of the
Higgs fields, under U(2) transformations. That is, the coefficients of the Higgs potential are either U(2)-invariants or
pseudo-invariants.
There are four possible independent quasi-physical bases, corresponding to the four normalized gaugino-higgsino-
Higgs couplings, fˆaU , fˆ
a
D, fˆ
′ a
U and fˆ
′ a
D . Each basis is defined by imposing the condition that one of the two components
of the corresponding coupling vanishes, while setting the non-vanishing component to unity. This defines the quasi-
physical basis up to an arbitrary rephasing of the Higgs field that lies in the direction of the vanishing component
of f . The latter is a pseudo-invariant field, whereas the Higgs field that lies in the direction of the non-vanishing
component of f is a U(2)-invariant field.6
The four quasi-physical bases and their corresponding Higgs fields are:
BU : defined by fˆaU = (0 , 1) , Higgs fields : (HU , HU ) , (55)
BD : defined by fˆaD = (1 , 0) , Higgs fields : (HD , HD) , (56)
B′U : defined by fˆ ′ aU = (0 , 1) , Higgs fields : (H′U , H ′U ) , (57)
B′D : defined by fˆ ′ aD = (1 , 0) , Higgs fields : (H ′D , H′D) , (58)
where the fields denoted by (calligraphic) Roman fonts are (pseudo-)invariant with respect to U(2) basis transforma-
tions. The Higgs fields with a U (D) subscript are hypercharge +1 (−1) fields. The coefficients of the scalar potential
in the quasi-physical basis are easily constructed. For example, in basis BD,
YD1 ≡ fˆa∗D fˆ bDYab , YD2 ≡ gˆa∗D gˆbDYab , (59)
YD3 ≡ fˆa∗D gˆbDYab , ZD1 ≡ fˆa∗D fˆ bDfˆ c∗D fˆdDZabcd , (60)
ZD2 ≡ gˆa∗D gˆbDgˆc∗D gˆdDZabcd , ZD3 ≡ fˆa∗D fˆ bDgˆc∗D gˆdDZabcd , (61)
ZD4 ≡ gˆa∗D fˆ bDfˆ c∗D gˆdDZabcd , ZD5 ≡ fˆa∗D gˆbDfˆ c∗D gˆdDZabcd , (62)
ZD6 ≡ fˆa∗D fˆ bDfˆ c∗D gˆdDZabcd , ZD7 ≡ fˆa∗D gˆbDgˆc∗D gˆdDZabcd . (63)
That is, starting in a generic basis with a Higgs potential given by Eq. (1), one can always transform to the basis BD
6 In the most general 2HDM after spontaneous symmetry breaking, the so-called Higgs basis in which vˆa = (1 , 0) is an example of a
quasi-physical basis. The Higgs fields in this basis, H1 ≡ vˆ∗aΦa and H2 ≡ ǫbavˆbΦa, are respectively invariant and pseudo-invariant with
respect to U(2) basis transformations. See Refs. [4–7, 11, 12] for details.
9with a Higgs potential given by:
VH = YD1H
†
DHD + YD2H†DHD +
[
YD3H
†
DHD + h.c.
]
+ 12ZD1(H
†
DHD)
2 + 12ZD2(H†DHD)2 + ZD3(H†DHD)(H†DHD) + ZD4(H†DHD)(H†DHD)
+
[
1
2ZD5(H
†
DHD)2 + ZD6(H†DHD)(H†DHD) + ZD7(H†DHD)(H†DHD) + h.c.
]
. (64)
The parameters YD1, YD2, ZD1, ZD2, ZD3 and ZD4 are manifestly real U(2)-invariants, whereas the parameters
YD3, ZD5, ZD6 and ZD7 are (potentially) complex pseudo-invariants with respect to U(2) basis transformations. The
physical Higgs couplings and masses of the theory can be expressed in terms of the invariant parameters and invariant
combinations of the pseudo-invariant parameters.
The discussion above is completely general. But, suppose we impose supersymmetry on the Higgs-higgsino-gaugino
system. Supersymmetry imposes a very strong constraint on the quasi-physical bases,
BU = BD = B′U = B′D . (65)
That is, supersymmetry picks out a physically meaningful basis, namely the SUSY basis, in which the gaugino-
higgsino-Higgs couplings take the form given by Eq. (37). Eq. (65) impose covariant relations among the normalized
gaugino-higgsino-Higgs couplings:
gˆaD = gˆ
′ a
D = e
iη fˆaU = e
iηfˆ ′ aU , gˆ
a
U = gˆ
′ a
U = −eiηfˆaD = −eiηfˆ ′ aD , (66)
where eiη is a pseudo-invariant quantity [i.e., eiη → (det U)−1eiη under a U(2) transformation] that is equal to 1 in
the SUSY basis. Eq. (66) implies that the invariant and pseudo-invariant Higgs fields defined in Eqs. (41)–(45) are
related in the supersymmetric limit,
HU = H
′
U = e
iηH˜D = eiηH˜′D , (67)
HD = H
′
D = e
−iηH˜U = e−iηH˜′U , (68)
for the hypercharge +1 and hypercharge −1 MSSM Higgs fields, respectively. If we now insert
Eq. (66) into Eqs. (59)–(63), we find that the coefficients of the Higgs potential in the SUSY basis are
YDD,YUU , eiηYUD,ZUU,UU ,ZDD,DD,ZDD,UU ,ZDU,UD, e2iηZDU,DU , eiηZDD,DU , eiηZUU,UD, subject to the condi-
tions of Eqs. (53) and (54). Note that when the conditions of Eqs. (53) and (54) are imposed, the
phase η drops out completely. Indeed, the nonzero Higgs potential parameters in the SUSY basis,
YDD,YUU ,ZUU,UU ,ZDD,DD,ZDD,UU ,ZDU,UD are physical observables that are real and invariant with respect to
U(2)-basis transformations
The existence of a physical SUSY basis is not surprising. Consider the higgsino Majorana mass term, which arises
from a supersymmetric term in the MSSM superpotential,
µǫijψ
i
HDψ
j
HU
. (69)
A THDM basis transformation mixes Φ1 and Φ2, which corresponds to a transformation between the MSSM Higgs
fields, HU with H
†
D. But the Higgs fields belong to Higgs superfields whose scalar and fermionic components are
(HU , ψHU ) and (HD, ψHD ). As a result, one cannot apply a general U(2)-basis transformation to the full Higgs
supermultiplets consistent with supersymmetry. Thus, Eq. (69) effectively defines a preferred basis for Φ1 and Φ2
within the MSSM. This is why the SUSY basis has a physical significance.
E. Invariant tanβ-like parameters
Until this subsection, we have made no assumptions about the nature of the Higgs vacuum. In the supersymmetric
limit of the MSSM, the minimum of the tree-level potential resides at zero field and there is no electroweak symmetry
breaking. After dimension-two soft-supersymmetry-breaking terms are included, it becomes possible to break the
SU(2)×U(1) symmetry of the scalar potential down to U(1)EM. In the generic basis, we define vacuum expectation
values,
〈Φ0a〉 = va ≡ vvˆa , (70)
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where vˆa is a complex unit vector in the two-dimensional Higgs flavor space and v ≃ 246 GeV. In the MSSM, the
parameter tanβ is defined in the SUSY basis,7
tanβ ≡ vU
vD
. (71)
However, in the most general THDM, tanβ is a basis-dependent concept that does not correspond to any physical
observable. In Ref. [12], a number of invariant parameters connected to the Higgs-fermion Yukawa couplings are
introduced that play the role of tanβ in constrained THDMs. Here, we shall indicate how to define tanβ-like
parameters associated with the gaugino-higgsino-Higgs interactions.
The basic idea is to define tanβ as the ratio of vacuum expectation values in the quasi-physical bases introduced
in Eqs. (55)–(58). One can then define four invariant tanβ-like parameters,8
tanβU ≡ −e−iη 〈H
0
U 〉
〈H0U 〉
= −e−iη fˆ
a∗
U vˆa
gˆa∗U vˆa
, tanβD ≡ e−iη 〈H
0
D〉
〈H0D〉
= e−iη
gˆaDvˆ
∗
a
fˆaDvˆ
∗
a
, (72)
tanβ′U ≡ −e−iη
〈H ′ 0U 〉
〈H′ 0U 〉
= −e−iη fˆ
′ a∗
U vˆa
gˆ′ a∗U vˆa
, tanβ′D ≡ e−iη
〈H′ 0D 〉
〈H ′ 0D 〉
= e−iη
gˆ′ aD vˆ
∗
a
fˆ ′ aD vˆ
∗
a
. (73)
Without the factors of eiη, the corresponding tanβ-like parameters are complex pseudo-invariants, whose magnitudes
are basis-independent. The interpretation of these tanβ-like parameters is simplest in the Higgs basis, which is defined
by vˆ = (1 , 0). In the Higgs basis, the parameters in Eqs. (72) and (73) are (up to an overall phase) simply the ratios
of gaugino-higgsino-Higgs couplings. One can now investigate the limit in which all dimension-four couplings respect
supersymmetry. In this case, the invariant and pseudo-invariant Higgs fields are constrained by Eqs. (67) and (68),
in which case,
tanβ ≡ 〈H
0
U 〉
〈H0D〉∗
= tanβU = (tanβD)
∗ = tanβ′U = (tanβ
′
D)
∗ , [SUSY limit] . (74)
Corrections to the above relations at the few percent level are expected at the one-loop level due to supersymmetry-
breaking effects that enter into the loops. In principle, one could extract the tanβ parameters of Eqs. (72) and (73)
from collider data (assuming gaugino-higgsino-Higgs couplings could be measured with sufficient accuracy), and check
to see whether Eq. (74) holds.
IV. CONCLUSIONS
The THDM includes the Higgs sector of the MSSM as a particular case. In the THDM only quantities that are
invariant under a unitary basis change, Φa → UabΦb (where a, b = 1, 2 and U is an arbitrary unitary matrix) can have
physical meaning. Thus, it is natural to look for basis invariant definitions of the supersymmetric limit. We have shown
that there is no basis-invariant definition of a supersymmetric THDM based on invariants defined exclusively in terms
of parameters of the scalar Higgs potential. We have constructed basis invariant probes of the supersymmetric limit
and soft-supersymmetry-breaking by employing both the Higgs potential and the gaugino-higgsino-Higgs interactions.
We also observe that the usual basis choice of HU and HD in the MSSM does have a physical significance, due to the
µ-term of the MSSM superpotential [cf. Eq. (69)].
Finally, we addressed the physical significance of the parameter tanβ. In the MSSM, the tree-level parameter tanβ
is well-defined because it is defined in terms of vacuum expectation values of the neutral Higgs fields, which are given
in a physical basis. However, in the most general THDM Higgs sector coupled to new particles with electroweak
quantum numbers that coincide with the gauginos and higgsinos of the MSSM, the parameter tanβ, which is defined
in terms of a ratio of Higgs vacuum expectation values, is a basis dependent quantity and hence unphysical. We have
shown that four invariant tanβ-like parameters can be defined that are basis-independent and hence physical. One
can verify that in the supersymmetric limit, these four invariant parameters coincide (at tree-level) and are equal to
the tanβ parameter of the MSSM.
7 In the SUSY basis, the overall phase of the Higgs fields can be chosen such that vU and vD are real and positive.
8 The signs in Eqs. (72) and (73) have been conveniently chosen so that no extraneous signs appear in the SUSY limit [cf. Eq. (74)].
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The minimal supersymmetric standard model involves a rather restrictive Higgs potential with
two Higgs fields. Recently, the full set of classes of symmetries allowed in the most general two
Higgs doublet model was identified; these classes do not include the supersymmetric limit as a
particular class. Thus, a physically meaningful definition of the supersymmetric limit must involve
the interaction of the Higgs sector with other sectors of the theory. Here we show how one can
construct basis invariant probes of supersymmetry involving both the Higgs sector and the gaugino-
higgsino-Higgs interactions.
PACS numbers: 11.30.Er, 12.60.Fr, 14.80.Cp, 11.30.Ly
I. INTRODUCTION
The Standard Model (SM) of electroweak interactions has provided an extraordinarily successful description of
currently observed particle physics phenomena. Nevertheless, there are strong reasons to expect that new physics
beyond the Standard Model must emerge, ranging from the hierarchy problem and the unification of all coupling
constants, to baryogenesis and dark matter. One of the leading candidates for physics beyond the SM incorporates
supersymmetry near the scale of electroweak symmetry breaking in order to provide a natural explanation for the
existence of the Higgs boson. Much attention has been devoted to the minimal supersymmetric extension of the
standard model (MSSM), which requires two complex Higgs doublets and superpartners for all Standard Model
particles [1].
In general, there is no fundamental reason why the SM should possess only one complex Higgs doublet. The most
well-studied extended Higgs sector is that of the two-Higgs-doublet model (THDM) [2]. The scalar potential of the
most general THDM involves 14 parameters. Of these parameters, only eleven combinations are physical, as three
degrees of freedom can be absorbed into a redefinition of the Higgs fields [3, 4]. This number may be further reduced
by imposing some symmetry requirements on the Higgs Lagrangian. But, identifying such symmetries is complicated
by the fact that one may perform a basis transformation of the Higgs fields. A symmetry that looks simple in one
basis may be completely obscured in another basis. Hence, it is important to develop basis-invariant signals of such
symmetries, which can identify the physically meaningful and experimentally accessible parameters in the theory. The
need to seek basis invariant observables in models with many Higgs bosons was pointed out by Lavoura and Silva
[5], and by Botella and Silva [6], stressing applications to CP violation. Refs. [6, 7] indicate how to construct basis
invariant quantities in a systematic fashion for any model, including multi-Higgs-doublet models. A number of recent
articles concerning symmetries and/or basis invariance in the THDM include Refs. [4, 8–19].
It is remarkable that there are exactly six classes of symmetries that one may impose on the scalar sector of the
most general THDM. This was shown by Ivanov [15] and expanded upon by us in Ref. [19]. Since the Higgs sector
of the MSSM is a particular case of the THDM, one would expect that the constraints satisfied by the Higgs sector
of the MSSM would correspond to one of the six classes of symmetries identified in the scalar sector of the THDM.
This is not the case. The correct conclusion is that a physically meaningful definition of the supersymmetric limit
must involve the interaction of the Higgs sector with other sectors of the supersymmetric theory. In this article we
construct basis-invariant probes of supersymmetry involving both the Higgs sector and the gaugino-higgsino-Higgs
interactions.
This article is organized as follows. In section II we introduce our notation. In section III, we construct the basis
invariant quantities that identify the supersymmetric limit of the scalar sector of the THDM. We draw our conclusions
in section IV.
2II. THE SCALAR SECTOR OF THE THDM
A. The scalar potential
Let us consider a SU(2) ⊗ U(1) gauge theory with two hypercharge-one Higgs-doublets, denoted by Φa, where
a = 1, 2. The scalar potential may be written as
VH = m
2
11Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 −
[
m212Φ
†
1Φ2 + h.c.
]
+ 12λ1(Φ
†
1Φ1)
2 + 12λ2(Φ
†
2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
[
1
2λ5(Φ
†
1Φ2)
2 + λ6(Φ
†
1Φ1)(Φ
†
1Φ2) + λ7(Φ
†
2Φ2)(Φ
†
1Φ2) + h.c.
]
, (1)
where m211, m
2
22, and λ1, λ2, λ3, λ4 are real parameters, and m
2
12, λ5, λ6 and λ7 are potentially complex.
An alternative notation, useful for the construction of invariants and championed by Botella and Silva [6] is
VH = Yab(Φ
†
aΦb) +
1
2Zab,cd(Φ
†
aΦb)(Φ
†
cΦd), (2)
where Hermiticity implies
Yab = Y
∗
ba,
Zab,cd ≡ Zcd,ab = Z∗ba,dc. (3)
One should be very careful when comparing Eqs. (1) and (2) among different authors, since the same symbol may
be used for quantities that differ by signs, factors of two, or complex conjugation. Here we follow the definitions of
Davidson and Haber [4]. With these definitions:
Y11 = m
2
11, Y12 = −m212,
Y21 = −(m212)∗ Y22 = m222, (4)
and
Z11,11 = λ1, Z22,22 = λ2,
Z11,22 = Z22,11 = λ3, Z12,21 = Z21,12 = λ4,
Z12,12 = λ5, Z21,21 = λ
∗
5,
Z11,12 = Z12,11 = λ6, Z11,21 = Z21,11 = λ
∗
6,
Z22,12 = Z12,22 = λ7, Z22,21 = Z21,22 = λ
∗
7. (5)
B. Basis transformations
The scalar potential can be rewritten in terms of new fields Φ′a, obtained from the original ones by a simple (global)
basis transformation
Φa → Φ′a = UabΦb, (6)
where U ∈ U(2) is a 2 × 2 unitary matrix. Under this unitary basis transformation, the gauge-kinetic terms are
unchanged, but the coefficients Yab and Zab,cd are transformed as
Yab → Y ′ab = Uaα Yαβ U∗bβ, (7)
Zab,cd → Z ′ab,cd = Uaα Ucγ Zαβ,γδ U∗bβ U∗dδ. (8)
Thus, the basis transformations U may be utilized in order to absorb some of the degrees of freedom of Y and/or Z,
which implies that not all parameters of Eq. (2) have physical significance.
3C. The six classes of symmetries in the THDM
Symmetries leaving the scalar Lagrangian unchanged may be of two types. On the one hand, one may relate Φa
with some unitary transformation of Φb:
Φa → ΦSa = SabΦb, (9)
where S is a unitary matrix. These are known as Higgs Family symmetries, or HF symmetries. As a result of this
symmetry,
Yab = Saα Yαβ S
∗
bβ , (10)
Zab,cd = Saα Scγ Zαβ,γδ S
∗
bβ S
∗
dδ. (11)
On the other hand, one may relate Φa with some unitary transformation of Φ
∗
b :
Φa → ΦGCPa = XaαΦ∗α, (12)
where X is an arbitrary unitary matrix.1 These are known as generalized CP symmetries, or GCP symmetries [20, 21].
The potential is invariant under this symmetry if and only if
Y ∗ab = X
∗
αaYαβXβb
Z∗ab,cd = X
∗
αaX
∗
γcZαβ,γδXβbXδd. (13)
Under the basis transformation of Eq. (6), the specific forms of the HF and GCP symmetries are altered, respectively,
as follows:
S′ = USU †, (14)
X ′ = UXU⊤. (15)
Hence, a basis-invariant treatment is critical for distinguishing between two potentially different symmetries.
Of course, one may combine several HF symmetries and/or GCP symmetries. Ivanov [15] has proved that, whatever
combination one chooses, one will end up in one of six distinct classes of symmetries. In a recent article we have
clarified this issue showing how to construct such classes with simple examples [19]. The result is shown in Table I.
TABLE I: Impact of the symmetries on the coefficients of the Higgs potential in a specified basis. See Ref. [19] for more details.
symmetry m211 m
2
22 m
2
12 λ1 λ2 λ3 λ4 λ5 λ6 λ7
Z2 0 0 0
U(1) 0 0 0 0
SO(3) m211 0 λ1 λ1 − λ3 0 0 0
CP1 real real real real
CP2 m211 0 λ1 −λ6
CP3 m211 0 λ1 λ1 − λ3 − λ4 (real) 0 0
1 The space coordinates of the fields, which we have suppressed, are inverted by a generalized CP transformation.
4Five of the symmetry classes may be imposed by the following single requirements:
Z2 : S =
(
1 0
0 −1
)
, (16)
U(1) : S =
(
eiα 0
0 e−iα
)
α6=pi/2
, (17)
CP1 : X =
(
1 0
0 1
)
, (18)
CP2 : X =
(
0 1
−1 0
)
, (19)
CP3 : X =
(
cos θ sin θ
− sin θ cos θ
)
. (20)
Here 0 < α < π (but α 6= π/2, since the case of α = π/2 corresponds to the Z2 symmetry), and 0 < θ < π/2.
Invariance under the full U(2) global symmetry2 is obtained by requiring the invariance of the scalar potential under
Eq. (9), for all unitary matrices S.
III. BASIS INVARIANT PROBES OF THE MSSM
A. The Higgs sector of the MSSM
The Higgs potential of the MSSM (prior to including soft-supersymmetry-breaking dimension-two squared-mass
terms) is a particular case of Eq. (1), with
m211 = m
2
22, (21)
m212 = 0, (22)
λ1 = λ2 =
1
4 (g
2 + g′
2
), (23)
λ3 =
1
4 (g
2 − g′2), (24)
λ4 = − 12g2, (25)
λ5 = λ6 = λ7 = 0, (26)
where g and g′ are the SU(2)L and U(1)Y gauge coupling constants, respectively. In this case, Eqs. (4) and (5)
become
Y11 = Y22, Y12 = Y21 = 0, (27)
and
Z11,11 = λ1, Z22,22 = λ1,
Z11,22 = Z22,11 = λ3, Z12,21 = Z21,12 = −λ1 − λ3, (28)
with λ1 given by Eq. (23), λ3 given by Eq. (24), and all other components of the Z tensor equal to zero.
Comparing Eqs. (21)–(26) with Table I, we see that these requirements are almost the same as in the THDM
with the full U(2) flavor symmetry2. The difference is that the U(2)-symmetric case implies λ4 = λ1 − λ3, while
the supersymmetry limit implies λ4 = −λ1 − λ3. As shown by Ivanov [15] and by us [19], the former relation can
come from a symmetry requirement that exclusively involves the Higgs potential, while the latter relation cannot. In
2 The SO(3) Higgs flavor symmetry listed in Table I is orthogonal to the U(1)Y hypercharge invariance (under which the THDM potential
is always invariant). In the SO(3)-symmetric case, the full Higgs flavor symmetry group is U(2) ∼= SO(3)⊗ U(1)Y [19].
5particular, there are no basis changes one can perform on the THDM to obtain, from one of the six symmetries listed
in table I, the SUSY condition λ4 = −λ1 − λ3.
This can also be seen by examining the renormalization group equations that control the evolution of the λi. Here,
we focus only on those terms arising from the Higgs potential and the gauge couplings.3 The relevant expressions can
be found, for example, in Refs. [22–25]. Using λ1 = λ2 and λ5 = λ6 = λ7 = 0, we find
Dλ1 = 6λ21 + 2λ23 + λ24 + 2λ3λ4 − 12
(
9g2 + 3g′
2
)
λ1 +
1
8
(
9g4 + 6g2g′
2
+ 3g′
4
)
,
Dλ3 = 2λ23 + λ24 + 2λ1(3λ3 + λ4)− 12
(
9g2 + 3g′
2
)
λ3 +
1
8
(
9g4 − 6g2g′2 + 3g′4
)
,
Dλ4 = 2λ24 + 2λ1λ4 + 4λ3λ4 − 12
(
9g2 + 3g′
2
)
λ4 +
3
2g
2g′
2
, (29)
where D = 16π2µ(d/dµ), and Dλ5 = Dλ6 = Dλ7 = 0. Hence, given the constraints λ1 = λ2 and λ5 = λ6 = λ7 = 0,
D(λ4 + λ3 − λ1) = 12 (λ4 + λ3 − λ1)(12λ1 + 4λ4 − 9g2 − 3g′
2
) (30)
D(λ4 + λ3 + λ1) = 2
(
3λ21 + (3λ3 + 2λ4)λ1 + 2λ
2
3 + 2λ
2
4 + 3λ3λ4
)
− 12
(
9g2 + 3g′
2
)
(λ4 + λ3 + λ1) +
1
4
(
9g4 + 6g2g′
2
+ 3g′
4
)
. (31)
The first equation vanishes if λ4 = λ1 − λ3; the second does not vanish if λ4 = −λ1 − λ3. That is, the condition
λ4 = λ1 − λ3 is renormalization group invariant, whereas the condition λ4 = −λ1 − λ3 is not. Note that we have not
yet imposed the specific relations between the λi and the gauge couplings required by the MSSM. If we impose the
MSSM constraints specified by Eqs. (23)–(25) on the right hand side of Eq. (31), we obtain
D(λ4 + λ3 + λ1) = 3g4 + 2g2g′2 + g′4 , (32)
i.e., λ1 = −λ3 − λ4 is still not RGE invariant.
The latter result is not unexpected. After all, the gauge boson–Higgs boson sector considered by itself can never
be supersymmetric, as the corresponding superpartners are not included. Consequently, the SUSY limit of the gauge
boson–Higgs boson sector can only be defined in a manner invariant under Higgs basis changes if the corresponding
gaugino and higgsino superpartners are taken into account. The gaugino and higgsino interactions generate additional
terms on the right hand side of Eq. (29). In the supersymmetric limit, these effects yield [23]
δSUSY(Dλ1) = − 52g4 − g2g′ 2 − 12g′ 4 ,
δSUSY(Dλ3) = − 52g4 + g2g′ 2 − 12g′ 4 ,
δSUSY(Dλ4) = 2g4 − 2g2g′ 2 . (33)
Hence,
δSUSY{D(λ4 + λ3 + λ1)} = −(3g4 + 2g2g′2 + g′4) .
Indeed, when the latter is added to Eq. (32), we see that D(λ4 + λ3 + λ1) = 0 as expected. Thus, the SUSY
relation λ1 = −λ3 − λ4 = 14 (g2 + g′ 2) is renormalization group invariant when all the Higgs/higgsino/gauge/gaugino
interactions are included.
B. Basis-independent conditions for the MSSM Higgs potential that are necessary but not sufficient
Based on the arguments of section IIIA, no basis-invariant conditions constructed solely from the Yab and Zab,cd
exist that can guarantee that Eqs. (21)–(26) are satisfied for some choice of basis. Nevertheless, we can establish a
weaker invariant condition that is necessary (although not sufficient) for the existence of a supersymmetric THDM
scalar potential.4
3 In order to include fermions in the analysis, one would have to investigate the constraints of the THDM symmetries on the Higgs-fermion
Yukawa couplings.
4 We thank the anonymous referee for encouraging us to consider the necessary symmetry constraints that govern the MSSM Higgs scalar
potential.
6Consider a basis choice in which:
m211 = m
2
22 , λ1 = λ2 , and m
2
12 = λ5 = λ6 = λ7 = 0 . (34)
Clearly Eq. (34) is satisfied by the MSSM Higgs potential in the standard MSSM basis choice for the Higgs fields.
However, Eq. (34) is not sufficient since the condition λ4 = −λ − λ3 is imposed, nor are the conditions relating
the quartic Higgs couplings to gauge couplings imposed. Nevertheless, suppose that one could establish a basis-
independent condition that was equivalent to the statement that a basis exists in which Eq. (34) is satisfied. Such a
basis-independent condition would then be a necessary condition for a supersymmetric Higgs sector.5
The conditions of Eq. (34) do not match any single condition listed in Table I. Nevertheless, given a scalar potential
whose parameters satisfy Eq. (34), one can always transform to a new basis that explicitly satisfies the CP3-symmetry
conditions of Table I, and vice versa. That is, a basis-invariant characterization of a CP3-symmetric THDM would
guarantee that some basis exists in which Eq. (34) holds. It follows that the Higgs sector of the MSSM is a CP3-
symmetric THDM.
The proof of the assertions above have been given in Ref. [19]. For completeness, we review the arguments here.
We first define the discrete flavor symmetry Π2 which corresponds to a THDM scalar potential that is symmetric
under the interchange of the two Higgs fields. In this case, the scalar potential parameters satisfy:
m211 = m
2
22 , m
2
12 real , λ1 = λ2 , λ5 real , and λ6 = λ7 . (35)
In Ref. [19], we showed that given a Π2-symmetric scalar potential, there exists another basis which is Z2-symmetric.
Consequently, we did not list Π2 as a separate symmetry in Table I. However, if we simultaneously impose Π2 and
U(1) in the same basis, then one easily sees that the conditions of Eq. (34) are satisfied. The same conclusion also
follows if we simultaneously impose U(1) and CP2 in the same basis. Moreover, starting from a scalar potential in
which the conditions of Eq. (34) are satisfied, a basis transformation can be found (see Ref. [19] for the details) such
that λ5 = λ1 − λ3 − λ4 in the new basis, as required in the CP3-symmetric THDM [cf. Table I].
Finally, we indicate the basis-independent conditions that guarantee that a basis exists in which the CP3-symmetric
conditions are satisfied. Defining Z
(1)
ab ≡ Zac,cb, we first require that [4]
Yab = m
2
11δab and Tr[Z
(1)]2 = 12 (Tr Z
(1))2 . (36)
If Eq. (36) is satisfied, then
m211 = m
2
22 , m
2
12 = 0 , λ1 = λ2 , λ7 = −λ6 , (37)
must hold in all basis choices. This is the so-called exceptional region of parameter space (ERPS) of the THDM.
In Ref. [19], we then constructed a second invariant quantity D built out of the Yab and Zab,cd with the following
property: if D = 0 in the ERPS, then there exists a basis for the scalar fields such that the CP3-conditions of Table I
are satisfied.6 Thus, the conditions for the ERPS plus D = 0 provide necessary (although not sufficient) invariant
conditions that must be satisfied by the MSSM Higgs scalar potential.
C. The gaugino-higgsino-Higgs interactions
In the MSSM, the tree-level Lagrangian describing the interactions of the gauginos with the Higgs-doublets may be
written as
LMSSMgaugino-Higgs = µǫijψiHDψjHU +
ig√
2
λαταij
(
ψjHUΦ
i †
2 + ǫ
ikψjHDΦ
k
1
)
+
ig′√
2
λ′
(
ψiHUΦ
i †
2 − ǫikψiHDΦk1
)
+ h.c. , (38)
where λα and λ′ are the two-component spinor gaugino fields that are superpartners to the SU(2) and U(1)-hypercharge
gauge bosons, and ψHD and ψHU are, respectively, the hypercharge −1 and hypercharge +1 weak doublet two-
component spinor higgsino fields. The indices i, j and k label the two components of the weak doublet, and the
5 The additional conditions necessary to establish necessary and sufficient basis-independent probes of supersymmetry require considera-
tion of the gaugino-higgsino-Higgs interactions. This is the subject of section III C that follows.
6 The explicit expression for D is rather complicated and can be found in eqs. (39)–(41) and (44) of Ref. [19].
7index α is the adjoint index of the SU(2) gaugino field. We have included a supersymmetric Majorana mass term for
the two-component higgsino fields, which defines the parameter µ. As usual, ǫ12 = −ǫ21 = +1 and ǫ11 = ǫ22 = 0.
If we relax the constraints imposed by supersymmetry, the coupling strengths of the gaugino-higgsino-Higgs inter-
action above are no longer constrained to be gauge couplings as in Eq. (38). Moreover, four additional dimension-four
interaction terms are possible, consistent with SU(2)×U(1) gauge invariance. These terms are the so-called “wrong-
Higgs” couplings of Ref. [26], and are obtained from those of Eq. (38) by interchanging Φ1 and Φ2. In our analysis
below, we consider the most general dimension-four gauge invariant couplings between the gaugino, higgsino and
Higgs fields. We shall write these couplings in a form that is manifestly independent of the choice of basis for the
Higgs fields:
Lgaugino-Higgs = i√
2
λαταij
(
ψjHU f
a
UΦ
i †
a + ǫ
ikψjHDf
a ∗
D Φ
k
a
)
+
i√
2
λ′
(
ψiHU f
′ a
U Φ
i †
a − ǫikψiHDf ′ a ∗D Φka
)
+ h.c. , (39)
where the couplings faU , f
a
D, f
′ a
U , and f
′ a
D transform covariantly under a Higgs basis U(2)-transformation,
7
faU,D → Uabf bU,D , f ′ aU,D → Uabf ′ bU,D . (40)
In the supersymmetric limit, there is a natural choice of basis for the Higgs fields, henceforth called the SUSY basis,
in which:
faU = gδ
a2 , fa∗D = gδ
a1 , f ′ aU = g
′δa2 , f ′ a ∗D = g
′δa1 . (41)
In particular, in the SUSY basis, the so-called “wrong-Higgs interactions” of Ref. [26] are absent in the supersymmetric
limit. However, under a general Higgs basis transformation, the supersymmetric gaugino-higgsino-Higgs Lagrangian
will transform into a linear combination of supersymmetric and wrong-Higgs interaction terms. Thus, in a generic
basis choice for the Higgs fields, the supersymmetry is not manifest. One of the goals of this section is to determine a
set of basis-independent conditions that guarantees the existence of a basis choice in which Eq. (41) is satisfied. Such
basis-independent conditions would constitute an invariant signal for manifestly supersymmetric Higgs interactions.
The couplings faU , f
a
D, f
′ a
U , and f
′ a
D are complex vectors that live in the two-dimensional Higgs flavor space. It is
convenient to define the corresponding unit vectors, fˆa ≡ fa/|f |, where |f | ≡ (fa ∗fa)1/2 is the length of the complex
vector fa. Next, we introduce vectors that are orthogonal to faU , f
a
D, f
′ a
U , and f
′ a
D , respectively,
gˆaU ≡ fˆ b ∗U ǫba , gˆaD ≡ fˆ b ∗D ǫba , (42)
gˆ′ aU ≡ fˆ ′ b ∗U ǫba , gˆ′ aD ≡ fˆ ′ b ∗D ǫba . (43)
These are pseudo-vectors with respect to U(2) Higgs basis transformations,8
gˆaU,D −→ (det U)−1Uab gˆbU,D , gˆ′ aU,D −→ (det U)−1Uab gˆ′ bU,D , (44)
due to the appearance of the complex phase, det U .
We now define U(2)-invariant, hypercharge-one Higgs fields as follows:
HU ≡ fˆa ∗U Φa , H ′U ≡ fˆ ′ a ∗U Φa , (45)
H˜D ≡ fˆa ∗D Φa , H˜ ′D ≡ fˆ ′ a ∗D Φa . (46)
One can also define a corresponding set of hypercharge −1 fields, e.g.,
HiD ≡ ǫijH˜j †D , H ′ iD ≡ ǫijH˜ ′ j †D . (47)
It is also convenient to define U(2) pseudo-invariant Higgs fields (denoted by calligraphic fonts),
HU ≡ gˆa ∗U Φa , H′U ≡ gˆ′ a ∗U Φa , (48)
H˜D ≡ gˆa ∗D Φa , H˜′D ≡ gˆ′ a ∗D Φa . (49)
7 Note that the global U(1) Higgs flavor transformation corresponding to Φa → eiχΦa (a = 1, 2) is distinguished from the global U(1)
hypercharge transformation, since the higgsino fields do not transform under the rephasing of the Higgs fields.
8 Starting from the transformation law fˆa → Uabfˆ
b, where U† = U−1, it follows that gˆc → U−1
ab
gdǫadǫbc. If we now recognize that
U−1
ab
ǫad = det(U−1)Ucdǫ
bc, the results of Eq. (44) easily follow.
8It then follows that:
Φa = fˆ
a
UHU + gˆ
a
UHU = fˆaDH˜D + gˆaDH˜D (50)
= fˆ ′ aU H
′
U + gˆ
′ a
U H′U = fˆ ′ aD H˜ ′D + gˆ′ aD H˜′D , (51)
after using fˆaU,Dfˆ
a ∗
U,D = gˆ
a
U,Dgˆ
a ∗
U,D = 1 and gˆ
a
U,Dfˆ
a ∗
U,D = fˆ
a
U,Dgˆ
a ∗
U,D = 0.
There is some motivation for this proliferation of Higgs field definitions. In particular, as we show later in Eqs. (59)–
(62), the choices of
{HU , HU} , {H′U , H ′U} , {H˜D , H˜D} , and {H˜ ′D , H˜′D} , (52)
correspond to four different basis choices for the hypercharge-one Higgs doublet fields.
One can express the gaugino-higgsino-Higgs interaction Lagrangian in a manifestly U(2)-invariant form. For exam-
ple, using the definitions of the invariant Higgs fields HU , HD, H
′
U and H
′
D [defined by Eqs. (45) and (47)], Eq. (39)
can be rewritten as:
Lgaugino-Higgs = i√
2
λαταij
(
|fU |ψjHUH
i †
U + |fD|ψjHDH
i†
D
)
+
i√
2
λ′
(
|f ′U |ψiHUH ′ i †U − |f ′D|ψiHDH ′ i †D
)
+ h.c. (53)
However, this form is not particularly useful outside of the supersymmetric limit, since {HU , H˜D} and {H ′U , H˜ ′D}
are not orthogonal pairs of hypercharge-one Higgs doublet fields in the general case. Of course, one can always rewrite
Eq. (39) in terms of one of the four basis choices of hyper-charge one doublet Higgs fields listed in Eq. (52) by inserting
the appropriate form for Φa given in Eqs. (50) and (51) into Eq. (39).
D. Basis-invariant probes of the supersymmetric Higgs interactions
Supersymmetry imposes strong constraints on the scalar Higgs potential and the gaugino-higgsino-Higgs interac-
tions. These constraints must involve basis-independent combinations of the scalar potential parameters Yab, Zabcd,
and the gaugino-higgsino-Higgs couplings faU , f
a
D, f
′ a
U , f
′ a
D . It is straightforward to find the necessary relations. First
we exhibit the basis invariant relations that enforce supersymmetric gaugino-higgsino-Higgs couplings:
faUf
a∗
D = 0, f
a
Uf
′a∗
D = 0,
f ′aU f
a∗
D = 0, f
′a
U f
′a∗
D = 0,
faUf
a∗
U = f
a
Df
a∗
D = g
2, f ′aU f
′a∗
U = f
′a
D f
′a∗
D = g
′ 2 ,
faUf
′ a∗
U = gg
′, fa∗D f
′a
D = gg
′ . (54)
To establish U(2)-invariant conditions that enforce a supersymmetric scalar Higgs potential, we first construct basis-
independent quantities that involve both the scalar potential parameters and the gaugino-higgsino-Higgs couplings.
For example,9
YDD = fˆaD fˆ b∗D Yab, YUU = fˆaU fˆ b∗U Yab,
YDU = fˆaD fˆ b∗U Yab, YUD = fˆaU fˆ b∗D Yab, (55)
provide basis-invariant quantities involving the quadratic coefficients of the Higgs potential. Likewise,
Zαβ,γδ = fˆaα fˆ b∗β fˆ cγ fˆ c∗δ Zab,cd , (56)
where the indices α, β, γ, and δ can take the values D or U , provide basis-invariant quartic coefficients for the Higgs
potential.
Evaluating the invariant quantities introduced in Eqs. (55) and (56) in the supersymmetric basis defined by Eqs. (27),
(28) and (41), it follows that
YDD = YUU , YDU = YUD = 0, (57)
9 Assuming Eq. (54) is satisfied, it is not necessary to construct additional invariants that involve f ′
U
and f ′
D
.
9and
ZDD,DD = ZUU,UU = 14 [fa ∗U faU + fa ∗D faD] ,
ZDD,UU = ZUU,DD = 14 [fa ∗U faU − f ′ a ∗U f ′ aU ] ,
ZDU,UD = ZUD,DU = −ZDD,DD −ZDD,UU ,
ZDU,DU = ZUD,UD = 0,
ZUD,DD = ZDU,DD = ZDD,UD = ZDD,DU = 0,
ZDU,UU = ZUD,UU = ZUU,DU = ZUU,UD = 0. (58)
Since these equations are basis invariant, they must hold in any theory made up of the MSSM fields with exact
supersymmetry, regardless of the exact basis choice made for the Higgs fields.
That is, independently of the choice of basis for the Higgs fields, the supersymmetric limit of the
Higgs/higgsino/gauge/gaugino sectors holds if and only if Eqs. (54), (57) and (58) hold. If Eqs. (54) and (58)
hold but Eq. (57) does not, then supersymmetry is softly broken due to the quadratic terms of the Higgs potential.
The above results fully resolves the question of the basis-invariant form for the supersymmetric limit of the THDM.
E. A preferred basis in the MSSM
The gaugino-higgsino-Higgs interactions provide a means for defining a quasi-physical choice of basis. In this
context, a quasi-physical basis is one in which the Higgs fields are invariant, up to a possible rephasing of one of the
Higgs fields, under U(2) transformations. That is, the coefficients of the Higgs potential are either U(2)-invariants or
pseudo-invariants.
There are four possible independent quasi-physical bases, corresponding to the four normalized gaugino-higgsino-
Higgs couplings, fˆaU , fˆ
a
D, fˆ
′ a
U and fˆ
′ a
D . Each basis is defined by imposing the condition that one of the two components
of the corresponding coupling vanishes, while setting the non-vanishing component to unity. This defines the quasi-
physical basis up to an arbitrary rephasing of the Higgs field that lies in the direction of the vanishing component
of f . The latter is a pseudo-invariant field, whereas the Higgs field that lies in the direction of the non-vanishing
component of f is a U(2)-invariant field.10
The four quasi-physical bases and their corresponding Higgs fields are:
BU : defined by fˆaU = (0 , 1) , Higgs fields : (HU , HU ) , (59)
BD : defined by fˆaD = (1 , 0) , Higgs fields : (HD , HD) , (60)
B′U : defined by fˆ ′ aU = (0 , 1) , Higgs fields : (H′U , H ′U ) , (61)
B′D : defined by fˆ ′ aD = (1 , 0) , Higgs fields : (H ′D , H′D) , (62)
where the fields denoted by (calligraphic) Roman fonts are (pseudo-)invariant with respect to U(2) basis transforma-
tions. The Higgs fields with a U (D) subscript are hypercharge +1 (−1) fields. The coefficients of the scalar potential
in the quasi-physical basis are easily constructed. For example, in basis BD,
YD1 ≡ fˆa∗D fˆ bDYab , YD2 ≡ gˆa∗D gˆbDYab , (63)
YD3 ≡ fˆa∗D gˆbDYab , ZD1 ≡ fˆa∗D fˆ bDfˆ c∗D fˆdDZabcd , (64)
ZD2 ≡ gˆa∗D gˆbDgˆc∗D gˆdDZabcd , ZD3 ≡ fˆa∗D fˆ bDgˆc∗D gˆdDZabcd , (65)
ZD4 ≡ gˆa∗D fˆ bDfˆ c∗D gˆdDZabcd , ZD5 ≡ fˆa∗D gˆbDfˆ c∗D gˆdDZabcd , (66)
ZD6 ≡ fˆa∗D fˆ bDfˆ c∗D gˆdDZabcd , ZD7 ≡ fˆa∗D gˆbDgˆc∗D gˆdDZabcd . (67)
That is, starting in a generic basis with a Higgs potential given by Eq. (1), one can always transform to the basis BD
10 In the most general 2HDM after spontaneous symmetry breaking, the so-called Higgs basis in which vˆa = (1 , 0) is an example of a
quasi-physical basis. The Higgs fields in this basis, H1 ≡ vˆ∗aΦa and H2 ≡ ǫbavˆbΦa, are respectively invariant and pseudo-invariant with
respect to U(2) basis transformations. See Refs. [4–7, 11, 12] for details.
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with a Higgs potential given by:
VH = YD1H
†
DHD + YD2H†DHD +
[
YD3H
†
DHD + h.c.
]
+ 12ZD1(H
†
DHD)
2 + 12ZD2(H†DHD)2 + ZD3(H†DHD)(H†DHD) + ZD4(H†DHD)(H†DHD)
+
[
1
2ZD5(H
†
DHD)2 + ZD6(H†DHD)(H†DHD) + ZD7(H†DHD)(H†DHD) + h.c.
]
. (68)
The parameters YD1, YD2, ZD1, ZD2, ZD3 and ZD4 are manifestly real U(2)-invariants, whereas the parameters
YD3, ZD5, ZD6 and ZD7 are (potentially) complex pseudo-invariants with respect to U(2) basis transformations. The
physical Higgs couplings and masses of the theory can be expressed in terms of the invariant parameters and invariant
combinations of the pseudo-invariant parameters.
The discussion above is completely general. But, suppose we impose supersymmetry on the Higgs-higgsino-gaugino
system. Supersymmetry imposes a very strong constraint on the quasi-physical bases,
BU = BD = B′U = B′D . (69)
That is, supersymmetry picks out a physically meaningful basis, namely the SUSY basis, in which the gaugino-
higgsino-Higgs couplings take the form given by Eq. (41). Eq. (69) impose covariant relations among the normalized
gaugino-higgsino-Higgs couplings:
gˆaD = gˆ
′ a
D = e
iη fˆaU = e
iηfˆ ′ aU , gˆ
a
U = gˆ
′ a
U = −eiηfˆaD = −eiηfˆ ′ aD , (70)
where eiη is a pseudo-invariant quantity [i.e., eiη → (det U)−1eiη under a U(2) transformation] that is equal to 1 in
the SUSY basis. Eq. (70) implies that the invariant and pseudo-invariant Higgs fields defined in Eqs. (45)–(49) are
related in the supersymmetric limit,
HU = H
′
U = e
iηH˜D = eiηH˜′D , (71)
HD = H
′
D = e
−iηH˜U = e−iηH˜′U , (72)
for the hypercharge +1 and hypercharge −1 MSSM Higgs fields, respectively. If we now insert
Eq. (70) into Eqs. (63)–(67), we find that the coefficients of the Higgs potential in the SUSY basis are
YDD,YUU , eiηYUD,ZUU,UU ,ZDD,DD,ZDD,UU ,ZDU,UD, e2iηZDU,DU , eiηZDD,DU , eiηZUU,UD, subject to the condi-
tions of Eqs. (57) and (58). Note that when the conditions of Eqs. (57) and (58) are imposed, the
phase η drops out completely. Indeed, the nonzero Higgs potential parameters in the SUSY basis,
YDD,YUU ,ZUU,UU ,ZDD,DD,ZDD,UU ,ZDU,UD are physical observables that are real and invariant with respect to
U(2)-basis transformations
The existence of a physical SUSY basis is not surprising. Consider the higgsino Majorana mass term, which arises
from a supersymmetric term in the MSSM superpotential,
µǫijψ
i
HDψ
j
HU
. (73)
A THDM basis transformation mixes Φ1 and Φ2, which corresponds to a transformation between the MSSM Higgs
fields, HU with H
†
D. But the Higgs fields belong to Higgs superfields whose scalar and fermionic components are
(HU , ψHU ) and (HD, ψHD ). As a result, one cannot apply a general U(2)-basis transformation to the full Higgs
supermultiplets consistent with supersymmetry. Thus, Eq. (73) effectively defines a preferred basis for Φ1 and Φ2
within the MSSM. This is why the SUSY basis has a physical significance.
F. Invariant tan β-like parameters
Until this subsection, we have made no assumptions about the nature of the Higgs vacuum. In the supersymmetric
limit of the MSSM, the minimum of the tree-level potential resides at zero field and there is no electroweak symmetry
breaking. After dimension-two soft-supersymmetry-breaking terms are included, it becomes possible to break the
SU(2)×U(1) symmetry of the scalar potential down to U(1)EM. In the generic basis, we define vacuum expectation
values,
〈Φ0a〉 = va ≡ vvˆa , (74)
11
where vˆa is a complex unit vector in the two-dimensional Higgs flavor space and v ≃ 246 GeV. In the MSSM, the
parameter tanβ is defined in the SUSY basis,11
tanβ ≡ vU
vD
. (75)
However, in the most general THDM, tanβ is a basis-dependent concept that does not correspond to any physical
observable. In Ref. [12], a number of invariant parameters connected to the Higgs-fermion Yukawa couplings are
introduced that play the role of tanβ in constrained THDMs. Here, we shall indicate how to define tanβ-like
parameters associated with the gaugino-higgsino-Higgs interactions.
The basic idea is to define tanβ as the ratio of vacuum expectation values in the quasi-physical bases introduced
in Eqs. (59)–(62). One can then define four invariant tanβ-like parameters,12
tanβU ≡ −e−iη 〈H
0
U 〉
〈H0U 〉
= −e−iη fˆ
a∗
U vˆa
gˆa∗U vˆa
, tanβD ≡ e−iη 〈H
0
D〉
〈H0D〉
= e−iη
gˆaDvˆ
∗
a
fˆaDvˆ
∗
a
, (76)
tanβ′U ≡ −e−iη
〈H ′ 0U 〉
〈H′ 0U 〉
= −e−iη fˆ
′ a∗
U vˆa
gˆ′ a∗U vˆa
, tanβ′D ≡ e−iη
〈H′ 0D 〉
〈H ′ 0D 〉
= e−iη
gˆ′ aD vˆ
∗
a
fˆ ′ aD vˆ
∗
a
. (77)
Without the factors of eiη, the corresponding tanβ-like parameters are complex pseudo-invariants, whose magnitudes
are basis-independent. The interpretation of these tanβ-like parameters is simplest in the Higgs basis, which is defined
by vˆ = (1 , 0). In the Higgs basis, the parameters in Eqs. (76) and (77) are (up to an overall phase) simply the ratios
of gaugino-higgsino-Higgs couplings. One can now investigate the limit in which all dimension-four couplings respect
supersymmetry. In this case, the invariant and pseudo-invariant Higgs fields are constrained by Eqs. (71) and (72),
in which case,
tanβ ≡ 〈H
0
U 〉
〈H0D〉∗
= tanβU = (tanβD)
∗ = tanβ′U = (tanβ
′
D)
∗ , [SUSY limit] . (78)
Corrections to the above relations at the few percent level are expected at the one-loop level due to supersymmetry-
breaking effects that enter into the loops. In principle, one could extract the tanβ parameters of Eqs. (76) and (77)
from collider data (assuming gaugino-higgsino-Higgs couplings could be measured with sufficient accuracy), and check
to see whether Eq. (78) holds.
IV. CONCLUSIONS
The THDM includes the Higgs sector of the MSSM as a particular case. In the THDM only quantities that are
invariant under a unitary basis change, Φa → UabΦb (where a, b = 1, 2 and U is an arbitrary unitary matrix) can have
physical meaning. Thus, it is natural to look for basis invariant definitions of the supersymmetric limit. We have shown
that there is no basis-invariant definition of a supersymmetric THDM based on invariants defined exclusively in terms
of parameters of the scalar Higgs potential. We have constructed basis invariant probes of the supersymmetric limit
and soft-supersymmetry-breaking by employing both the Higgs potential and the gaugino-higgsino-Higgs interactions.
We also observe that the usual basis choice of HU and HD in the MSSM does have a physical significance, due to the
µ-term of the MSSM superpotential [cf. Eq. (73)].
Finally, we addressed the physical significance of the parameter tanβ. In the MSSM, the tree-level parameter tanβ
is well-defined because it is defined in terms of vacuum expectation values of the neutral Higgs fields, which are given
in a physical basis. However, in the most general THDM Higgs sector coupled to new particles with electroweak
quantum numbers that coincide with the gauginos and higgsinos of the MSSM, the parameter tanβ, which is defined
in terms of a ratio of Higgs vacuum expectation values, is a basis dependent quantity and hence unphysical. We have
shown that four invariant tanβ-like parameters can be defined that are basis-independent and hence physical. One
can verify that in the supersymmetric limit, these four invariant parameters coincide (at tree-level) and are equal to
the tanβ parameter of the MSSM.
11 In the SUSY basis, the overall phase of the Higgs fields can be chosen such that vU and vD are real and positive.
12 The signs in Eqs. (76) and (77) have been conveniently chosen so that no extraneous signs appear in the SUSY limit [cf. Eq. (78)].
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